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$� ����� 6LQFH �LV�FRPPRQ�WR�ERWK�UDWLRV��ZH�FKDQJH�WKH�UDWLRV�VR�WKDW� �DQG
���7KHQ�ZH�KDYH� �

y x � y = � � � = � � �
y � z = � � � = � � � x � z = � � �

$� �� :H�FDQ�QRWH�WKDW� ���6LQFH� �KDV���GLJLWV�
DQG�PXOWLSO\LQJ�E\� �DGGV����]HURV�WR�WKH�HQG��7RP�ZULWHV�GRZQ����GLJLWV�

���� = (� × ��)�� = ��� × ���� ��� = ����
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7KH�WDEOH�VKRZV�WKH�ZD\V�LQ�ZKLFK�WKH
PRQNH\V��%��+�DQG�/��FDQ�VHOHFW�WKH�KDWV�
/HW�WKH�KDWV�RI�%��+�DQG�/�EH� � �DQG�
UHVSHFWLYHO\�

b h l

1RQH�RI�WKH�PRQNH\V�KDYH�WKH�VDPH�KDW�DV
ZKHQ�WKH\�DUULYHG�LQ�RQO\�WZR�RI�WKH�VL[
ZD\V�����KHQFH�WKH�UHTXLUHG�SUREDELOLW\�LV
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SRVVLEOH�ZD\V�WR�FKRRVH�WKH�WKUHH�KDWV�
7KHUH�DUH�WZR�KDWV�WKDW�%�FRXOG�FKRRVH��
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,I�%�FKRVH� ��WKHQ�/�ZRXOG�KDYH�WR�FKRRVH� �DQG�+�ZRXOG�KDYH�WR�FKRRVH� ���,I�%�FKRVH
��WKHQ�+�ZRXOG�KDYH�WR�FKRRVH� �DQG�/�ZRXOG�KDYH�WR�FKRRVH� ��6R�RQFH�%�KDV�FKRVHQ
KLV�KDW�WKH�RWKHU�WZR�DUH�IL[HG��6R�WKHUH�DUH�MXVW�WKH�WZR�SRVVLEOH�DOWHUQDWLYHV�RXW�RI�WKH
VL[�ZD\V��6R�WKH�SUREDELOLW\�LV� �@

h b l
l b h
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$� ���� /HW�WKH�WZR�QXPEHUV�EH� �DQG� ��ZKHUH� ���7KHQ�ZH�KDYH� �DQG
���+HQFH� �DQG�WKHUHIRUH� �DQG� ���7KH�SURGXFW�RI

���DQG����LV������

a b a > b a + b = ��
a − b = �� �a = ��� a = �� b = ��

$� ����� /HW�XV�FDOO�WKH�ODUJH�WULDQJOH�3���6LQFH�WULDQJOHV�7�DQG�6
DUH�FRQJUXHQW��WKH\�KDYH�WKH�VDPH�KHLJKW��ZKLFK�LV�KDOI
WKH�KHLJKW�RI�3���7KXV�WKH�DUHD�RI�HDFK�RI�7�DQG�6�LV�D
TXDUWHU�RI�WKH�DUHD�RI�3���7KHUHIRUH�SDUDOOHORJUDPV�4
DQG�5�WRJHWKHU�IRUP�WKH�RWKHU�KDOI�DQG�WKXV�HDFK
RFFXSLHV�D�TXDUWHU�RI�3���6R�5�DQG�7�DUH�HTXDO�LQ�DUHD�
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$� ��° /HW�WKH�ODUJHVW�DQJOH�EH� ��ZKHQFH�WKH�VPDOOHVW�DQJOH�LV� ���7KHUH�DUH�WZR
SRVVLELOLWLHV��VKRZQ�LQ�WKH�GLDJUDPV�EHORZ�

a° (a − �) °

a°a°

a°
(a−�) °

(a−�) °(a−�) °

,Q�WKH�ILUVW�ZH�KDYH� ��VR� ��a − � = ��� a = ��
,Q�WKH�VHFRQG�ZH�KDYH� ��VR� ��a − �� = ��� a = ��
7KXV�WKH�ODUJHVW�SRVVLEOH�DQJOH�LQ�VXFK�D�WULDQJOH�LV� ���°

$� �� 7R�FUHDWH�D�FORVHG�ORRS��RQH�PXVW�XVH� �DW�RQH�HQG�DQG� �DW�WKH�RWKHU��

/HW�XV�DVVXPH�WKDW�WKH�ORRS�VWDUWV�ZLWK� ��WXUQHG�WKLV�ZD\��DQG�HQGV�ZLWK�WKH� �

LQ�VRPH�RULHQWDWLRQ�� � �RU� ��
7KHUH�LV�MXVW���ORRS�WKDW�XVHV�RQO\�WKHVH�WLOHV���,I�RQH�WLOH�LV�SXW�EHWZHHQ�WKHP��WKHUH�DUH
WZR�ZD\V�LQ�ZKLFK�HDFK�RI�WKH�RWKHU�WZR�WLOHV�FDQ�FRQQHFW�WKHP�� �RU� �DQG�

RU ���6R�WKHUH�DUH���ORRSV�ZLWK�WKUHH�WLOHV�

8VLQJ�DOO�IRXU�WLOHV��WKHUH�DUH�WZR�RUGHUV�LQ�ZKLFK� �DQG� �FDQ�EH�SODFHG��DQG�
WKHUH�DUH�WZR�SRVVLEOH�RULHQWDWLRQV�IRU�HDFK�RI�WKHVH�WLOHV��PDNLQJ�
ZD\V�LQ�DOO���+HQFH�WKHUH�DUH� �SRVVLEOH�ORRSV�DOWRJHWKHU�

� × � × � = �
� + � + � = ��

$� ��KRXUV 6LQFH�WKH�ORZHVW�FRPPRQ�PXOWLSOH�RI�������DQG����LV� ��ZH�FDQ�VD\�WKDW�LQ����PLQXWHV

$EELH�ZULWHV� �FDUGV��%HWW\�ZULWHV� �FDUGV��DQG�&ODUD

ZULWHV �FDUGV���6R�WRJHWKHU�WKH\�ZULWH� �FDUGV�LQ

KDOI�DQ�KRXU���7KXV�WKH�WLPH�WDNHQ�WR�ZULWH�����FDUGV�LV� ���KDOI�KRXUV� ���KRXUV�
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$�� ��� 6LQFH�WULDQJOH� �LV�HTXLODWHUDO�� �JKO ∠JOK = ∠KJO = ∠JKO = ��°
/HW ���7KHQ��VLQFH� �LV�DQ�LVRVFHOHV�WULDQJOH�� �DQG

�
∠JMO = m° JMO ∠MJO = m°

∠JOM = (��� − �m) °
/HW �DQG�VR��VLQFH� �LV�DQ�LVRVFHOHV�WULDQJOH�� �∠OKL = k° KLO ∠LOK = k°
7ULDQJOHV �DQG� �DUH�FRQJUXHQW��666���DQG�VR� �KLO OLM ∠MOL = ∠OML = k°
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1RZ�WDNLQJ�DQJOHV�DW�SRLQW� ��ZH�KDYH� ��ZKHQFH
�

O ��� − �m + �� + �k = ���
k = m + ��
6LQFH �LV�SDUDOOHO�WR� � �DQG�VR� �JK ML ∠KJM + ∠JML = ���° (�� + m) + (m + k) = ���
+HQFH ��VR� �
L�H� �

��� = �� + �m + k = �� + �m + m + �� = �m + ��� m = ��
∠JMO = ��°



%� ,Q�D�VHTXHQFH�RI�VL[�QXPEHUV��HYHU\�WHUP�DIWHU�WKH�VHFRQG�WHUP�LV�WKH�VXP�RI�WKH�SUHYLRXV�WZR
WHUPV��$OVR��WKH�ODVW�WHUP�LV�IRXU�WLPHV�WKH�ILUVW�WHUP��DQG�WKH�VXP�RI�DOO�VL[�WHUPV�LV����

:KDW�LV�WKH�ILUVW�WHUP"

Solution
/HW�WKH�ILUVW�DQG�VHFRQG�WHUPV�EH� �DQG� �UHVSHFWLYHO\���7KHQ�ZH�GHULYH�WKH�VHTXHQFHa b

a, b, a + b, a + �b,  �a + �b,  �a + �b.
:H�NQRZ�WKDW�WKH�ODVW�WHUP�LV�IRXU�WLPHV�WKH�ILUVW�WHUP��VR� ���7KHUHIRUH�
DQG�VR�WKH�VHTXHQFH�LV

�a + �b = �a a = �b

�b, b,  �b,  �b,  ��b,  ��b.

7KH�VXP�RI�WKHVH�LV�����VR� � �DQG� ��7KXV�WKH�ILUVW�WHUP
LV �

��b = �� b = ��
��

= �
�

a = � × �
�

= �
�

���

%� 7KH�HLJKW�GLJLW�QXPEHU�³ppppqqqq´��ZKHUH� �DQG� �DUH�GLJLWV��LV�D�PXOWLSOH�RI����p q

:KDW�DUH�WKH�SRVVLEOH�YDOXHV�RI� "p

Solution
,W�PLJKW�EH�DUJXHG�WKDW�WKHUH�LV�D�WULYLDO�VROXWLRQ�ZKHUH� ���,W�LV��KRZHYHU��XVXDO�WR
DVVXPH�WKDW�QXPEHUV�GR�QRW�EHJLQ�ZLWK�]HURV�DQG�VR�ZH�VKDOO�SURFHHG�DVVXPLQJ�WKDW� �

p = q = �
p ≠ �

:H�ILUVW�REVHUYH�WKDW�HYHU\�PXOWLSOH�RI����LV�D�PXOWLSOH�RI�ERWK���DQG����DQG�DOVR�WKDW� �DQG�
DUH�VLQJOH�GLJLW�LQWHJHUV���$SSO\LQJ�WKH�XVXDO�UXOHV�RI�GLYLVLELOLW\�E\���DQG���WR�WKH�QXPEHU

�ZH�GHGXFH�WKDW� �RU� �DQG�WKDW� �LV�D�PXOWLSOH�RI����
,Q�WKH�FDVH� � �LV�D�PXOWLSOH�RI����KHQFH� �

p q

ppppqqqq q = � q = � �p + �q
q = � �p p = �

,Q�WKH�FDVH� � �LV�D�PXOWLSOH�RI�����7KHUHIRUH� �LV�D�PXOWLSOH�RI
����+HQFH� �

q = � �p + �� = � (p + �) p + �
p = �

�7KXV�WKHUH�DUH�WZR�SRVVLEOH�QXPEHUV�������������DQG�������������

%� -DFN�DQG�-LOO�ZHQW�XS�D�KLOO��7KH\�VWDUWHG�DW�WKH�VDPH�WLPH��EXW�-DFN�DUULYHG�DW�WKH�WRS�RQH�DQG�
D�KDOI�KRXUV�EHIRUH�-LOO��2Q�WKH�ZD\�GRZQ��-LOO�FDOFXODWHG�WKDW��LI�VKH�KDG�ZDONHG�����IDVWHU
DQG�-DFN�KDG�ZDONHG�����VORZHU��WKHQ�WKH\�ZRXOG�KDYH�DUULYHG�DW�WKH�WRS�RI�WKH�KLOO�DW�WKH
VDPH�WLPH��

+RZ�ORQJ�GLG�-LOO�DFWXDOO\�WDNH�WR�ZDON�XS�WR�WKH�WRS�RI�WKH�KLOO"

Solution
/HW �EH�WKH�QXPEHU�RI�KRXUV�WKDW�-LOO�WRRN�WR�WKH�WRS�RI�WKH�KLOO�t
6R�WKH�WLPH�WDNHQ�E\�-DFN�ZDV� �KRXUV�(t − ���)
,I�-DFN�KDG�ZDONHG�����PRUH�VORZO\��KH�ZRXOG�KDYH�WDNHQ�WZLFH�DV�ORQJ��LH�� �KRXUV��(�t − �)
,I�-LOO�KDG�ZDONHG�����IDVWHU��VKH�ZRXOG�KDYH�WDNHQ� �RI�WKH�WLPH��LH�� �KRXUV��

�
�
�t

6R�ZH�NQRZ�WKDW� ��ZKHQFH� �DQG�VR� ��
�t = �t − � �t = �t − � t = �

� = ���
+HQFH�-LOO�WRRN� �KRXUV����



%� 7KH�VROXWLRQ�WR�HDFK�FOXH�RI�WKLV
FURVVQXPEHU�LV�D�WZR�GLJLW
QXPEHU��QRW�EHJLQQLQJ�ZLWK�]HUR�

,Q�KRZ�PDQ\�GLIIHUHQW�ZD\V�FDQ
WKH�FURVVQXPEHU�EH�FRPSOHWHG
FRUUHFWO\"

&OXHV
$FURVV
�� $�WULDQJXODU�QXPEHU

$�WULDQJXODU�QXPEHU��

'RZQ
�� $ VTXDUH QXPEHU
�� $ PXOWLSOH RI �

� �

�

Solution
:H�VWDUW�E\�OLVWLQJ�WKH�WZR�GLJLW�WULDQJXODU�QXPEHUV�DQG�WZR�GLJLW�VTXDUH�QXPEHUV�

WULDQJXODU�QXPEHUV� ��������������������������������������
VTXDUH�QXPEHUV� �����������������������

6LQFH���'RZQ�LV�D�PXOWLSOH�RI����LW�HQGV�LQ�HLWKHU���RU���

+HQFH���$FURVV�HQGV�LQ�HLWKHU���RU���DQG�WKHUH�DUH�IRXU�VXFK�WULDQJXODU�QXPEHUV�������������
DQG�����,Q�HDFK�FDVH�WKHUH�LV�RQO\�RQH�SRVVLEOH�VTXDUH�QXPEHU�DW���'RZQ��DV�VKRZQ�LQ�WKH
IROORZLQJ�ILJXUHV�
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�

�D� �E� �F� �G�

1RZ�FRQVLGHU���$FURVV��D�WULDQJXODU�QXPEHU���,Q��D��DQG��E���WKHUH�LV�QR�WZR�GLJLW�WULDQJXODU
QXPEHU�ZKRVH�ILUVW�GLJLW�LV����DQG�KHQFH�ZH�FDQ�UXOH�RXW�FDVHV��D��DQG��E��

,Q��F���WKH�RQO\�WULDQJXODU�QXPEHU�ZKRVH�ILUVW�GLJLW�LV���LV�����,Q��G���WKHUH�DUH�WZR�WULDQJXODU
QXPEHUV�ZKRVH�ILUVW�GLJLW�LV����QDPHO\����DQG����

7KHUHIRUH�WKHUH�DUH�WKUHH�GLIIHUHQW�ZD\V�LQ�ZKLFK�WKH�FURVVQXPEHU�FDQ�EH�FRPSOHWHG�
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� �

� �

� �
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%� 7KH�GLDJUDP�VKRZV�SDUW�RI�D�UHJXODU����VLGHG
SRO\JRQ��DQ�LFRVDJRQ�� ��D�VTXDUH

�DQG�D�UHJXODU�SHQWDJRQ� �
ABCDEF…

BCYZ DEVWX

6KRZ�WKDW�WKH�YHUWH[� �OLHV�RQ�WKH�OLQH� �X DY

A
B C D

E

FZ Y
X

W V

Solution
&RQVLGHULQJ�WKH�LQWHULRU�DQJOHV�RI�WKH�VTXDUH��WKH�UHJXODU�SHQWDJRQ��DQG�WKH�UHJXODU�LFRVDJRQ�

� �DQG� �∠BCY = ��° ∠EDX = (��� − ���
� ) ° = ���° ∠BCD = (��� − ���

�� ) ° = ���°

1RZ �DQG�DOVR� �∠DCY = (��� − ��) ° = ��° ∠CDX = (��� − ���) ° = ��°
1RZ�FRQVLGHU�WULDQJOH� �CDY

6LQFH�WKH�LFRVDJRQ�LV�UHJXODU�
�DQG��DV� �LV�D

VTXDUH� �
BC = CD BCYZ

BC = CY

7KHUHIRUH �DQG� �LV
DQ�LVRVFHOHV�WULDQJOH�

CD = CY CDY

B
C

D

E

Y

���

+HQFH �∠CDY = �
� (��� − ��) ° = ��°

+RZHYHU��DV�REVHUYHG�DERYH�� �DQG�VR� �∠CDX = ��° ∠CDX = ∠CDY

7KXV�ZH�FDQ�FRQFOXGH�WKDW�SRLQW� �OLHV�RQ�WKH�OLQH� �X DY

%� 6DP�KDV�SXW�VZHHWV�LQ�ILYH�MDUV�LQ�VXFK�D�ZD\�WKDW�QR�MDU�LV�HPSW\�DQG�QR�WZR�MDUV�FRQWDLQ�WKH
VDPH�QXPEHU�RI�VZHHWV��$OVR��DQ\�WKUHH�MDUV�FRQWDLQ�PRUH�VZHHWV�LQ�WRWDO�WKDQ�WKH�WRWDO�RI�WKH
UHPDLQLQJ�WZR�MDUV�

:KDW�LV�WKH�VPDOOHVW�SRVVLEOH�QXPEHU�RI�VZHHWV�DOWRJHWKHU�LQ�WKH�ILYH�MDUV"

Solution
/HW�WKH�QXPEHU�RI�VZHHWV�LQ�WKH�ILYH�MDUV�EH� � � � �DQG� ��ZKHUH� �
6LQFH ��DQG� � �DQG� �DUH�LQWHJHUV�� ���6LPLODUO\� �

a b c d e a < b < c < d < e
d > c > b b c d d ≥ b + � e ≥ c + �

1RZ��VLQFH�DQ\�WKUHH�MDUV�FRQWDLQ�PRUH�VZHHWV�LQ�WRWDO�WKDQ�WKH�WRWDO�RI�WKH�UHPDLQLQJ�WZR�MDUV�
LQ�SDUWLFXODU� ��DQG�VR� ��KHQFH� �a + b + c > d + e a + b + c > b + � + c + � a > �

7U\ ���7KH�VPDOOHVW�SRVVLEOH�YDOXHV�RI�WKH�RWKHU�QXPEHUV�DUH���������DQG����ZKLFK�JLYH�D
WRWDO�RI������%HFDXVH������DQG����WKH�WKUHH�VPDOOHVW�QXPEHUV��JLYH�D�WRWDO�RI�����ZKLFK�LV�RYHU
KDOI�RI�����DQ\�RWKHU�VHOHFWLRQ�RI�WKUHH�RI�WKHVH�QXPEHUV�ZLOO�KDYH�D�WRWDO�JUHDWHU�WKDQ�WKDW�RI
WKH�UHPDLQLQJ�WZR�QXPEHUV�

a = �

7KXV�WKH�VPDOOHVW�WRWDO�LV����


